PROOF OF THE ALDER-ANDREWS CONJECTURE
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ABSTRACT. Motivated by classical identities of Euler, Schur, and Rogers and Ramanujan,
Alder investigated gq(n) and Q4(n), the number of partitions of n into d-distinct parts and
into parts which are +1 (modd + 3), respectively. He conjectured that g4(n) > Qa(n).
Andrews and Yee proved the conjecture for d = 2° — 1 and also for d > 32. We complete
the proof of Andrews’s refinement of Alder’s conjecture by determining effective asymptotic
estimates for these partition functions (correcting and refining earlier work of Meinardus),
thereby reducing the conjecture to a finite computation.

1. INTRODUCTION AND STATEMENT OF RESULTS

The famous identity of Euler states that the number of partitions into odd parts equals
the number of partitions into distinct parts, and the first Rogers-Ramanujan identity tells us
that the number of partitions into parts which are +1 (mod 5) equals the number of partitions
into parts which are 2-distinct (a d-distinct partition is one where the difference between any
two parts is at least d). Another related identity is a theorem of Schur which states that
the partitions of n into parts which are £1 (mod 6) are in bijection with the partitions of n
into 3-distinct parts where no consecutive multiples of 3 appear. In 1956, these three facts
encouraged H.L. Alder to consider the partition functions g4(n) := p(n|d-distinct parts) and
Qa4(n) := p(n|parts + 1 (mod d + 3)).

Conjecture (Alder). If Ay(n) = qa(n) — Qq(n), then, for any d,n > 1, we have that

By the above discussion, the conjecture is true for d < 3, and the inequality can be
replaced by an equality for d = 1 and 2. Large tables of values seem to suggest, however,
that gq(n) and Q4(n) are rarely equal. Andrews [1] refined Alder’s conjecture (see [3] for
more information on this conjecture):

Conjecture (Alder-Andrews). For 4 < d < 7andn >2d+9,ord > 8 and n > d + 6,
Ad(n) > 0.

Remark. For any given d, there are only finitely many n not covered by the Alder-Andrews
conjecture, and a simple argument shows that Agz(n) > 0 for these n.

In essence, Alder’s conjecture asks us to relate the coefficients of
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Although the first generating function is essentially a weight 0 modular form, the second is
generally not modular (except in the cases d = 1 and 2). This is the root of the difficulty
in proving Alder’s conjecture, since the task is to relate Fourier coefficients of two functions
which have different analytic properties.

However, there have been several significant advances toward proving Alder’s conjecture.
Using combinatorial methods, Andrews [1] proved that Alder’s conjecture holds for all values
of d which are of the form 2°—1, s > 4. In addition, Yee ([9], [10]) proved that the conjecture
holds for d = 7 and for all d > 32. These results are of great importance because they resolve
the conjecture except for 4 < d < 30,d # 7, 15.

In addition, Andrews [1] deduced that lim,_,., Ag(n) = +oo using powerful results of
Meinardus ([6], [7]) which give asymptotic expressions for the coefficients ¢q(n) and Qg(n).
Unfortunately, a mistake in [7] implies that one must argue further to establish this limit.
We correct the proof of Meinardus’s main theorem (see the discussion after (3.11)) and show
that the statement of the theorem remains unchanged. We first prove the following result,
which can be made explicit:

Theorem 1.1. Let d > 4 and let @ € [0,1] be the root of a? +a —1 = 0. If A :=

%llog2 a+y2, ‘;—T; then for every positive integer n we have
A1/4
Ay(n) n~**exp(2vVnA) + £ (n),

N 2¢/mad=1(dad=1 4+ 1)
where E4(n) = O <n_% exp(2\/nA)) .
Remark. The main term of Ay(n) is the same as the main term for g4(n) (cf. Theorem 3.1).

In the course of proving Theorem 1.1, we derive explicit approximations for (Q4(n) and
qa(n) (see Theorems 2.1 and 3.1, respectively). Using these results, we obtain the following:

Theorem 1.2. The Alder-Andrews Conjecture is true.

In order to prove Theorems 1.1 and 1.2, we consider ¢4(n) and Q4(n) independently and
then compare the resulting effective estimates. Accordingly, in Section 2, we give explicit
asymptotics for Qg(n), culminating in Theorem 2.1. Next, in Section 3, we laboriously make
Meinardus’s argument effective (and correct) in order to give an explicit asymptotic formula
for g4(n) in Theorem 3.1. In Section 4 we use the results from Sections 2 and 3 to prove
Theorems 1.1 and 1.2.

ACKNOWLEDGEMENTS

The authors thank Ken Ono for advising us on this project during the student number
theory seminar at UW-Madison. The authors would also like to thank Kathrin Bringmann
and Kimmo Eriksson for their helpful comments.

2. ESTIMATE OF ()4(n) WITH EXPLICIT ERROR BOUND

As before, let QQ4(n) denote the number of partitions of n whose parts are £1 (mod d + 3).
From the work of Meinardus, we have that

d -1 3 1
Qa(n) ~ %nu exp <n2 2—W> :

d+3
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In this formula, only the order of the error is known. We will bound the error explicitly,
following closely the method of Meinardus [6] as it is presented by Andrews in Chapter 6 of
[2]. This allows us to prove the following theorem:

Theorem 2.1. If d > 4 and n is a positive integer, then

(3d+9)i 3 L o
B ( m) o

where R(n) is an explicitly bounded function (see (2.10) at the end of this section).

Remark. An exact formula for QQ4(n) is known due to the work of Subrahmanyasastri [8]. In
addition, by using Maass-Poincaré series, Bringmann and Ono [5] obtained exact formulas
in a much more general setting. However, we do not employ these results since the formulas
are extremely complicated, and Theorems 1.1 and 1.2 do not require this level of precision.

2.1. Preliminary Facts. Consider the generating function f associated to Qq(n),

fm= I a-a) —1+Z@d ,
n=-+1(d+3)
n>0
where ¢ = e™7 and (1) > 0. Let 7 = y + 2mixz. We can then obtain a formula for Q4(n) by
integrating f(7) against ¢"”. Consequently, we require an approximation of f(7) so that we
may make use of this integral formula. To do this, we need an additional function,

g(r) = Y. ¢~
n=+1(d+3)
n>0

Lemma 2.2. If arg7 > % and |z| < 3, then R(g(7)) — g(y) < —coy™!, where ¢, is an

explicitly given constant depending only on d.

Proof. For notational convenience, we will consider the expression —y (R(g(7)) — g(vy)). Ex-
panding, we find that

—y (R(g(7)) — g(y)) = S1 + 52 + S5,

where
(1 — cos(2mz)) (ePHH9Y — o)y — ldHDy  cv)
Sl = |
(%) (e2d+6)y — 2e(d+3)y cos(2m(d + 3)x) + 1)
(1 — cos(2m(d + 2)x)) (e@HHTY — 43y _ p(d+y 4 e(d+2)y)
SQ = |
(e“*l&) (ed+6)y — 2¢(d+3)y cos(2m(d + 3)x) + 1)
and
Sy = (1 — cos(2m(d + 3)35)) (26(2d+5)y X 2€(d+4)y)

(M> (e(2d+6)y — 2e(d+3)y cos(27(d + 3)z) + 1)'

Y

When y = 0, each of S;, Ss, and S3 is defined. Namely, S; =0, So =0, and S5 = d%?).

Since these functions are even in x, we may assume x > 0. Further, the condition arg 7 > 7
implies that y < 27x. To find ¢, we note that each S; > 0 and so it suffices to bound one
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away from 0. We do this in three different cases.

Case 1: Suppose that y > % Since % > > %y, it follows that 1 — cos(27z) > 1 — COS%
and that Sy is bounded away from 0. In particular,

21) S>7r(1—cos%)<ew§r8—62d2%—ed;4+e
' L= (em(d+3) — 1) (em(d+3) 4 1)2

[NIE

Case 2: Suppose that y < % and ‘:c — d+3| < 75 for some positive integer k. Although
less obvious than in Case 1, S; will again be bounded away from O0:

(1 — cos 55 eBd+8ly _ o(2d+5)y _ p(d+Dy 4 cy

Sl > d+3
= emd+3) — 1 (6(d+3)y _ 1)2 + 8m2y2e(d+3)y
and so
2713 (1 — cos 2= ) (d + 2)(d + 3

(en(@+3) — 1) <(e(d+3)7r L1 4 87T4e(d+3)7r> :

Case 3: Suppose that y < l and }x for some non-negative integer k. We

k
d+3| > 75
additionally assume !x — 73 ‘ ) +3) This is permitted since every x is covered as we vary
k. It will be S35 that is bounded away from 0.

Let u := 27(d + 3) |v — %3] and note that 0 <u < 7, y < 2=, and cosu = cos 2m(d + 3)x.

d+3
Now, we have that
41 1 —cosu
Sy >
= (d+3)r _ w ’
€ 1 <e<d+3) — 1) + 205 (1 — cosu)

and a tedious analysis of the derivative of this function implies for d > 4 that

8w
5 .
(e(d+3)7r _ 1) ((edszS — 1) + 4edJ2r$)

(2.3) Sz 2

Obviously, we may take ¢; to be the minimum of the bounds (2.1), (2.2), and (2.3). O
Using Lemma 2.2, we now obtain an approximation for f(7).

Lemma 2.3. If larg 7| < T and |z| < 1, then

2 1
f(T) = exp (m'r_l + log (M) + f2(’7’)>,

1

where fo(7) = O (y5> is an explicitly bounded function. Furthermore, if ¥ < ¥Ypax 1S

sufficiently small, 0 < § < %, 0<e < g, g = % — 717 and y® < |z| < I, then there is a
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constant c3 depending on d, £; and § such that
2
f(y + 2mix) < exp (ﬁy‘l - c;;y_":l).
Remark. The discussion of the size of Y.y will follow (2.4).

Proof. From page 91 of Andrews [2], we have that

) —%-ﬁ-ioo
1
1 T —_— — - 1)D(s)d
o8 f(r) = 3(d+3)+og<28md%)+2m [ e s o)
—%—ioo

where D(s) is the Dirichlet series

which converges for R(s) > 1. Writing

D(s) = (d+3)° (g (s, di?)) ¢ (s,%)) |

where ((s,a) is the Hurwitz zeta function, we see that D(s) can be analytically continued
to the entire complex plane except for a pole of order 1 and residue di+3 at s = 1 (see, for
example, page 255 of Apostol’s book [4]).

We bound the integral by noting that |D(s)| < |((s)|, obtaining

—%Jrioo
1
- / T T(s)C(s + 1)D(s)ds| < £v/7,

2

5::\2/—5 Z‘g (%ﬂ't)g(—%ﬂt)F(—%ﬂ't)’ dt.

The first statement of the lemma follows.

where

Remark. Numerical estimates show that £ < .224.

To prove the second statement, we again follow the method of Andrews [2]. We consider
two cases: (1) ¥’ < |z] < & and (2) £ < |z| < 5. In the first, we see that |arg 7| < I, so
we apply the first statement of the lemma, getting

w2y w2yl ) g gy 1
1 omiz)| < (1 Arz2y ‘5—1) log | ——
og |f(y + 2miz)| = 3d+3)  3(d+3) (1+4n°2%y ™) +l0g 2sin 72 &V
<—7r2 -1_¢ -3

where

! 3 1-¢ 1 s 146
= = 2 - = ma}% - l - . r%ax - m2ax~
4T3+ 3) ( 2" > %8 | uin x|V 8
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In the second case, we have that

log | f(y + 2miz)| = log f(y) + R (9(7)) — 9(v),

and using Lemma 2.2, we obtain

T
1 21 < gt -1
og |f(y + 2miz)| < sars? oY

where

1 3
(24) C5 = C2 — Ymax lOg 2—77 — EYhax-
Slnm

We let cg,::min(c4(ymax)sl7g ) 05(ymax)5171) and take Y.y to be small enough so that ¢3>0. [

Remark. In the proof of Theorem 1.1, we need only bound Q4(n) since it is of lower order
than gq(n). We shall ignore the restriction on yy.y for convenience.

2.2. Proof of Theorem 2.1. From the Cauchy integral theorem, we have

1 To+270 %
Qa(n) = by f(r)exp(nt)dr = fly + 2mix) exp(ny + 2nmiz) dx.
i J, 1
Applying the saddle point method, we take y = n_%ﬂ/\/S(d + 3) and we let m := ny for no-

_1
tational simplicity. Assuming the notation in Lemma 2.3, for n > 6, we have Y. < (%) A1)

so that both cases in the proof of the second statement of Lemma 2.3 are nonvacuous. We
have that

P
Qa(n) = e™ f(y + 2miz) exp(2minx) dx + ™ Ry,
_yB
where
P 1
R, = (/ +/ ) f(y + 2mix) exp(2minz) dx.
1 yB
By Lemma 2.3,
< w2 m\ ~1 my —e1
Bl < e | 307 (Z) % (E) !
S0

2 —e1
(2.5) le™ Ry | < exp <2m — czm®? (ﬁ) > :

Using Lemma 2.3, write

- (m/n)?
Qa4(n) = exp <2m — log (2 sin T 3)) /_ exp(¢1(z)) dr + exp(m) Ry,

(m/n)P

rmn(e)

where

+ 2minz + g1 (x)
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7'{'2
and [g1(z)| < &/ gtarsy-

After making the change of variables 2rx = (m/n)w, we obtain

Qa(n) = exp <2m + log% + log ( > — log 27r) I + exp(m)Ry,

QSindLJr3
where
Clomlfﬁ 7T2 B—-1
I = e w))dw, c1p:=21( ————= ,
/ ) y w(g(d+3))
and

p2(w) =m (1 — ! +z’w) + g1 (w).

We must now find an asymptotic expression for I. Write

010m175
(2.6) I= / exp (—mw?) dw + Ry,

—crom!—F

where )

Ry = /_cwm _ exp (—mw2) (exp(p3(w)) — 1) dw,

ciomi—~8
with X
p3(w) :==m (1 i 1 +7jw+w2) + g1(w).
Simplifying, we find that
36-2 2
(2.7) |o3(w)| < clgm™ T +¢

3m(d+3)

10—-¢
4

(3(d+ 3))~! for m in (2.7), it follows that

44+85—352  76+85—352
16 T 16 5_2

Substituting m,;, = 2

w)l < 4+ £(27) 8 =: V3 max-
Thus, letting cg := %%)71’ we have

138 _38 2 138
lexp(ps(w)) = 1] < m™2"3 (Cﬁc?oJFfCﬁmmiﬁ m) =m 2" 1.

Hence, we conclude that |Rs| < 2cy9erm?®~L.
Computing the integral in (2.6), we see that

1

(2.8) /_ e (~m?) do = (Z) + ga(m)

Cloml_B
1
where |g2(m)| < 2m™2 exp (—cmmg) . Thus, we find that I = (Z)2+ gy(m)-+R,. Combining
these results, we obtain the desired expression for Q4(n),

(2.9) Qa(n) = (n_44(s?i)1(1d(j;)4> exp (n

d+3

27
3(d+ 3)

[

) + R(n),
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where
(2.10)

1 3
1 ((x3(3(d43) "1 1o s op 8
[R(n)| < n ( 2sin( 775) ) P (n 3(d+3) nA2mH(3(d +3) 7 ) *

d+3

3eq
71+é C77|'1+% 1 2T 1 27 o 1 ( w2 >_T
L ((3(d+3))2sin(d_13)) exp (m 3(d+3)> T exp (m R ) '

3. ESTIMATE OF ¢4(n) WITH EXPLICIT ERROR BOUND
Theorem 2 of [7] (with k =m =1 and ¢ = d) gives

A1/4 5
—-3/4
n) ~ n exp(2vnA),
4a(n) 2\/7T04d_1(d04d_1 +1) p( )
where o and A depend only on d (see their definitions below in Theorem 3.1). We will bound
the error explicitly, following closely the paper of Meinardus [7]. We make his calculations
effective, and we obtain the following theorem.

Theorem 3.1. Let a be the unique real number in [0, 1] satisfying a? + a — 1 = 0, and let
A= %llog2 a+d7, ‘j—;i If n is a positive integer, then

A1/4
n) =
a(n) 2\/7Tad—1(dad—1 +1)

where |rg(n)| can be bounded explicitly (see the end of this section).

n~3*exp(2vnA) + rq(n)

3.1. Preliminary Facts. For fixed d > 4, we have the generating function

(3.1) f(2):=) quln)e™
n=0
with z = x + iy. Hence, we obviously have that
1 ™
(32 () = 5= [ £y,

Therefore to estimate g4(n) we require strong approximations for f(z).

Lemma 3.2. Assuming the notation above, for |y| < 2™ and z < 3, where

5 . T ¢ 20274 1 n R g
=min | ——&, ——, — - — —
log p> wd 24 P\27 24

and 0 < £ < 1 is a constant, we have that

1
f(z) = (@ (da® " +1)) 72 e (14 farn(2)),
where f...(2) = o(1) is an explicitly bounded function.

Lemma 3.3. Assuming the notation above, for z < 8 and 2™ < |y| < 7, we have that

m 2e—1 A
|flz+iy)| < \/%6”’”‘" (1+ fap,x)) exp <; + log o + fi(p, x)) :

where fi, fo are functions given in Lemma 3.4, and 7 is an explicitly given constant.

Remark. Although e = £ in [7], we will benefit by varying € in our work.
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To prove Lemmas 3.2 and 3.3, we follow [7] and write, by the Cauchy Integral Theorem,

d
(3.3) f(z) = o /H w, 2)0(w, 2) ;U
where C is a circle of radius p := 1 — « centered at the origin,
(3.4) H(w’z) - H(l _ we—nz)—l’ and @(w’z> - Z e —Zn(n— Dzy,
n=1 n=-—00

Therefore, we estimate H(w, z) and O(w, 2).

Lemma 3.4. Let p = a? = 1 — a and suppose w = pe®® with —7 < ¢ < 7. Then for
ly| < 2 and z < 3,

o0

(3.5) H(w, z) = exp (% Z % + %log(l —w) + fi(w, z))

r=1

and

(3.6) O(w,z) = \/%exp (lozgdzw — %logw> (14 fo(w, 2)),

where, as ¢ — 0, fi(w,2) =0 (:17%> and fo(w, 2) = O (x4 exp [—2L (7 — [¢]) + c1277]) are
explicitly bounded functions.

Proof. First, (3.4) and the inverse Mellin transform yield

(3.7) log H (w, 2) = — /2 T S Ts)C(s)D(s + 1, w) ds,

2mi ico

where ((s) is the Riemann zeta function, I'(s) is the Gamma function, and D(s,w) =
> o1 %, which is defined as a function of s for all fixed w with |w| < 1.
Note that if 0, := arctan ¢, then

|Zl/2 zt| < |Z|1/2 Oolt| < (1+x26) 1/2 60\t|

By changing the curve of integration and accounting for the poles at s = 0 and 1, we have

1 w" log(l —w
log H(w, z) = ;Zﬁ + % + fi(w, 2),
r>1

1 o 1/2—it 1 . 1 1 .
_— 2 N _Z D=
22,/_ z 2—|—zt ¢ 2+zt 2—i—zt,w dt

1 3 4 1
< (1 +x25)‘1‘ 2—37r—%§ <§> %W 0 r? =: fi(x)
— P33 —Y

where

[fi(w, 2)] =

This proves the first statement as 22 and 6, = arctan 2 both tend toward 0 as z — 0.
The transformation properties of theta functions functions give

- 27T (logw dz/2 —2n2 H 27”/" 10 w— d2/2)
(3.8) @(w’z) = 4 /— dz dz Z e dz g

p=—00
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The argument on page 295 of [7] completes the proof of the lemma, with
(3.9)

2 dz\/m eXp(f dz(1<+112?)>
‘fQ(waz)|§€8 e — 142

272 (1—
1— eXp(— di(lgrlz?))

= falp, 2) = f3(2) + f5(2) exp (%) .

+ 2exp ( ((|1sz25)) QWIC(l)gpr_l + %)

We now prove Lemmas 3.2 and 3.3 using Lemma 3.4.

Proof of Lemma 3.2. Recall from (3.3) that

f(z) = 27m/sz@(w Z>cizu

Let g = 2° with 2 < ¢ < 5. Then

1o dw dw.
3.10 = — H © — 4+ — [ H( )O
310 5= [ A0 T o | e T
where B is the circle C without the arc pe=%° to pei¥o.
We first estimate the second integral in (3.10). We note the error of Meinardus [7] in the
bound of ©(w, z) provided between (25) and (26). From Lemma 3.4, we have that
(3.11)

27 1 zlog? p e yplog p
e < 4= — 1 :
0,2 < [ oxp (gt = St ) (1 w2

The term dlgf;jig) does not appear in [7] and tends to infinity if yp < 0. This term arises
from the main term of ©(w,z), so its contribution cannot be ignored. Furthermore, it

is O (z°7!), and hence cannot be combined into the negative O (2?*7!) term arising from
; 7. However, the bound Meinardus claims on the product |H(w, 2)O(w, z)| is correct.

px
2d(z2+y?
To see this, we need more than the bound |H(w, z)| < H(p,z) that was originally thought
to be sufficient.

From Lemma 3.4, we have that

o0 r

(3.12) [H(w, 2)] < exp (|fi(w, 2)]) (1+ p) exp (% (1 3 “’—)) ,

and

I o=~ w" T = p’cos(ryp) Y = p"sin(ry)
R(=-S" L) =

x °°p T P yplog(l - p)
= Z—2+ 2Zﬁ(cos(m))—1)——

x2 492 22 + 12
Yy

+x2 e Z 3 (sin(re) — re).
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Since p = a? and 1 — p = a, combining this with (3.12) and (3.11), we see that

1
2 (14p\?2 Ax V’x
0w < |20 (FE0) e (\f1<w,z>!+x2+y2—x2+y2

[ﬁ —Z (1 — cos(ry) —(pi > '0—281n7"g0 —rcp)])
'(1+|f2(w72)|)-

Hence, as x — 0 we recover Meinardus’s bound on |H (w, 2)©(w, 2)|.
Using the notation of Lemma 3.4,

(3.13)
dw 2r (1+p 2 Ax
oot 5] = (S5) e (o ) [0
- 27|
. ¥(p,2) 4 _ St .l B
/Be do +15(2) Bexp( w(%Zde(Hsz)) ds@],
where
2 < r x oy
¢ x p y P
(3.14) ¥(p,2) = 2d(2? + ) + PN ; r_2<1 —cos(ry)) — 5752—"’92 ; ﬁ(sm(m)) —7r).

We evaluate the two integrals of (3.13) separately.
For the integral [, exp (—t(¢p, z)) dp, we consider two parts based on the sign of yo. We
assume that y > 0. When ¢ > 0, sin(ry) —r¢ < 0 for all 7, and so ¥ (¢, z) > 0. Then

/ “exp (<o, ) de < - fexp (—(0, 2)) — exp (—(vipo, )]
(3.15) /e

o ¢¢(900712>
sy P (0. 2) — exp (. )],

where v > 1 is a constant.
When ¢ < 0, we note that sin(ry) — re > 0, and so

(3.16)
2 > I4e  ° 1 /.33
YT P z p (TP
Pa- L R
Y(p, 2) 2422 + ) 332 T Z 2 cos(ry)) — EE ; - ( o )
2 7" 3 1+€ d—2
YT pr
— A 1 — -
2d(22 + 12) x2 2 2 cos(ry)) + 6(22 + y?)
= U(p,2),
whence, using that T a%2z° < T,
(3.17)

/pexp(_¢<_@,z))d¢ < A( 900 )[eXp( (—o, 2 )>—exp< &(—y¢07z))}+

J 0
¢¢( o s [ ( —Vpg, 2 ) — exp (—@Z)(—W,Z))] .
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We now consider the second integral in (3.13). A weaker bound on (¢, z) suffices. In
particular, we have 1(p, 2) > kp?, where

P 1 ﬂad_2’y‘+ 1 x?
Tz \2d 6 Ll TP\o 1))

which is positive since x < 3.
Hence, we have that

(3.18)
27| | dz (1 4 %) 9 272
_ il bt N < —k .
/Bexp< Vles2) + dm(l—l—x%)) = 71— kdx (1 + 2%) P i dr (1 + z%)
2mpo
— —kog + ——"—— || .
P ( Yot dz (1 +x25))1
Using (3.15), (3.17), and (3.18) in (3.13) gives an explicit bound for the second integral of
(3.10), say Ep(z).
Following page 297 of [7], the first integral of (3.10) is given by

pe’¥o —
I = ZLm - H(w, 2)0(w, 2) %ﬂ = \/2;% exp (é - ! 5 d loga) (Imain + Lerror) 5
where
(3.19) Lain := /‘PU exp (—ﬁ (dad—1 n 1)) dy
—0 2dz
and

sy [ (oo (s (2 ) b )+ i) ) (1 a2 1)

- exXp —%

where | f3(w, 2)| < 55257°. Then we have

(dad_l + 1)> dy,

21wl < 260 (“E S M ey (o) + 5 2 k) (14 aln ) 1),

and

. 7TZd > 902 d1
(322) ]main =1/ m 2/@0 exp ( @ (dOZ + 1) ng

Hence, it follows that

1—-d
az A .
(323) I = WGXP <;> + E@O(w,z),
where
(3.24)

5 o A 2dz|)z 20 (dad! 4+ 1
|Epy(w, 2)] < Lexp( z ) (2d|z])2 Cexp (_90015( a ))

2md|z| 2+ ) | oy (dad1 + 1)2 2d (22 + y?)

+ 20 (1_%@;% exp | fi(z) + ﬁ@@ (1+ fa(o,2)) — 1)}
= E<P0<Z)‘
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Hence, we finally see that
d—1 (7 d—1 3 —Az
| ferr(2)] < (B (2) + Ep(2)) (7! (da™" + 1)) * exp <m) :
O

Proof of Lemma 3.3. In order to bound f for x'*¢ < |y| < 7, note that |©(w, z)| < O(p, z)
by (3.4), which also yields that

log |H (w, z)| = R{log H(w, 2)} <log H(p,x) + RN {wZe”Z} - pZe’m.

n>1 n>1

On the other hand, we have that

1 1
-nz | _ —nT 2e—1 1—2¢ _—f _
%{wze } /)Z@ S—pr (’6 ¢ )<1—€5 \/1—2€_BCOSﬁ1+E+6_2B>'

n>1 n>1

To see this, note that

1 1
K< w E e "y — E e "< —pe” — )
{ } P =7F (1 —e ™ \/1—2e*cosxlte + 6‘2"’“")

n>1 n>1

This then gives

R{wd e ™} —p2ie ™ RS x< 1 1 )

x e — —
l—e® /1 —2e*coszglte +e2

—px25_1

- l—ef /T —2eFcos e 4 28
= .
The statement of Lemma 3.3 now follows from (3.3) and Lemma 3.4. U

3.2. Proof of Theorem 3.1. From (3.2), it follows that ¢4(n) = I + I, where

14
1 xT

nz 1 —o " nz
I = 5 o f(z)e"*dy and Iy := o (/_ﬂ +/x1+s> f(z)e"* dy.

In this proof, we let x = \/% . Following the idea of page 291 of [7], we split I as

(E1+E

2
(3.25) I = ye’s e dy + Ey + Es,
—gplte
where
1+4¢ 4.3
1 x 2 A Yy tizy
vo= , By = ’76% e <13(I2“’2)) —1] dy,
2m/ad=1 (da®1 + 1) _plte
and
[T piend
E3:= e es@?) f(2) dy.

—gplte



14 CLAUDIA ALFES, MARIE JAMESON, AND ROBERT J. LEMKE OLIVER

The first integral in (3.25) can be written

rlte 9 3
(3.26) 'ye% eiszA dy = 7@%1 / e + F
_z1+s A

where

Y 2—¢g 24 pp2e—1
3.27 Bl < ——zx" %= .
(3:27) <

For E,, we further split the integral:

4 iy
E2 _ ’ye% €7yj§4 <6A<a;g(m2+?;2)> _1> dy

with €5 > €, 5 > 3. Then

2 y2 A y4+imy3 5 3
(3.28) ’yef/ e <e (zg(zzﬂﬂ)) — 1] dy| < VGTA (exp (Az*=71) —1) %
|y\§x1+52
and
(3.29)

< ~yexp <% — "ﬁ;;) 23 (1 + 2%)

4,03
2 Y- tizy
’)/62;34/ e_yITA eA(“”:i(“Q"'yz)) —1| dy
altez<|y|<alte

Finally, for F3, we have

+% exp (% — Ax52*2) )

(3.30) |Bs| < e | 22| (ma® (1 4+ 2%)) 7.

err

To bound Iy, we apply Lemma 3.3 to find that

2T 2e—1 A 1-— d
(3.31) L2 < [ €™ (14 falp, 7)) exp <nfv +—+——loga+ filp, x)) :

Finally, we obtain
A1/4
N 2¢/mad1(dad-1 4 1)

where |Ey + Ey + E3 + 15| is bounded using the expressions in (3.27) - (3.31). The result
follows with |rg(n)| < |Ey| + |Es| + |Es| + |12].

Qd(n) 7173/4 eXp(Z\/ nA) + El + E2 + E3 -+ [2,

4. PROOF OF ALDER’S CONJECTURE
Using Theorems 2.1 and 3.1, we are now able to prove our main results.

Proof of Theorem 1.1. Applying the results of Sections 2 and 3, we have that

1/4
Ag(n) = q(n) — Qq(n) = 2\/7rad—114(dad—1 - 1)n_3/4 exp(2\/M) + Eq(n),




PROOF OF THE ALDER-ANDREWS CONJECTURE 15

where E4(n) = rq(n) — Qq(n). In the proof of Lemma 2.3, we relax the restriction on Ymax.

Thus, Theorem 2.1 implies Q4(n) = O (exp (\/??T”ﬂnlﬂ + con%)> , Where ¢ is some positive

constant.
By Theorem 3.1, |rq(n)| < |Ey| 4 |E2| + |E3| + |I2], and a careful examination of each of

these terms shows that £y = O <n_%ezm>, Ey=0 (n_%”_%ezm), E;=0 (n_%@m),

and I = O (niezm’”px%fl) . Hence, by choosing €5 > 1%, the result follows. O

Proof of Theorem 1.2. The works of Yee ([9],[10]) and Andrews [1] show that Ag(n) > 0
when d > 31 and can be easily modified to show that the inequality is strict when n > d+6.
For each remaining 4 < d < 30, we use Theorems 2.1 and 3.1 to compute the smallest n
such that our bounds imply Ayz(n) > 0. We denote this n by €(d), and a C++ program
computed the values of Ayz(n) < Q4(n), which then confirmed the remaining cases of the
Alder-Andrews Conjecture. As an example, we find that when d = 30, Q(30) < 9.77 - 10°.
To get this, we take § = 107!° and e; = 5- 10~ in Theorem 2.1 and, in Theorem 3.1,
e = .16906, g5 = .499999, ¢ = .99, ¢ = .375000001, and v = 1. Other d are similar, and all
satisfy Q(d) < Q(30). O

REFERENCES

[1] G. E. Andrews. On a partition problem of H. L. Alder. Pacific J. Math., 36:279-284, 1971.
[2] G. E. Andrews. The theory of partitions. Addison-Wesley Publishing Co., Reading, Mass.-London-
Amsterdam, 1976. Encyclopedia of Mathematics and its Applications, Vol. 2.
[3] G. E. Andrews and K. Eriksson. Integer partitions. Cambridge University Press, Cambridge, 2004.
[4] T. M. Apostol. Introduction to analytic number theory. Springer-Verlag, New York, 1976. Undergraduate
Texts in Mathematics.
K. Bringmann and K. Ono. Coefficients of harmonic maass forms. accepted for publication.
G. Meinardus. Asymptotische Aussagen iiber Partitionen. Math. Z., 59:388-398, 1954.
G. Meinardus. Uber Partitionen mit Differenzenbedingungen. Math. Z., 61:289-302, 1954.
V. V. Subrahmanyasastri. Partitions with congruence conditions. J. Indian Math. Soc. (N.S.), 36:177—
194 (1973), 1972.
[9] A. J. Yee. Partitions with difference conditions and Alder’s conjecture. Proc. Natl. Acad. Sci. USA,
101(47):16417-16418 (electronic), 2004.
[10] A. J. Yee. Alder’s conjecture. J. Reine Angew. Math., 616:67-88, 2008.

LEHRSTUHL A FUR MATHEMATIK, RWTH AACHEN, TEMPLERGRABEN 64, D-52062 AACHEN, GER-
MANY
E-mail address: claudia.alfes@rwth-aachen.de

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WISCONSIN 53706
E-mail address: jameson@math.wisc.edu

DEPARTMENT OF MATHEMATICS, UNIVERSITY OF WISCONSIN, MADISON, WISCONSIN 53706
E-mail address: lemkeoli@math.wisc.edu



